A space-charge sheath near a negative surface in a plasma composed of dust grains of a variable positive charge, electrons, and neutral particles, is considered. The limiting case of large ratio of the electron Debye radius to the length scale of variation of the charge of a dust grain is treated. The charging of dust grains in the sheath is quasi-equilibrium in such a case, i.e. the current of the electrons emitted by a dust grain is approximately equal to the current of the plasma electrons collected by the grain. An analytical solution decribing the sheath is found for this limiting case. A further simpli¢cation may be achieved in cases when the mean energy of electrons emitted by the dust grain is much smaller than the surface potential of the grain.
Introduction
An important parameter governing the physics of a sheath in a dusty plasma is a, the ratio of l D ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi T e =4pn es e 2 p , the electron Debye radius to L ¼ Z s u ds =A, the length scale of variation of the charge of a dust particle. (Here and further T e is the temperature of the plasma electrons measured in energy units, n e is the electron density, Z is the dust particle charge number, u d is the dust particle velocity in the direction towards the surface, index s is attributed to values of respective quantities at the ''sheath edge'', i.e., at distances from the surface much larger than l D , and A is the characteristic frequency of the emission acts or of the impacts of the plasma electrons su¡ered by a dust particle at the sheath edge.)
Employing for the electron collection current an expression given by the orbital-limited motion theory (see, e.g., Ref. [1] ), one can write
where R is the radius of a spherical dust particle and C C e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 8T e =pm e p is the mean electron thermal speed. The dust particle velocity at the sheath edge is governed by the Bohm criterion; for estimates, one can replace u ds by ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
, where m d is the dust particle mass. It follows that
where r is the density of the dust matter. Assuming that
, and R ¼ 0:1 mm, one ¢nds a % 4. On the other hand, a can vary by orders of magnitude, in particular due to the strong dependence on the dust grain radius R.
Space-charge sheaths in dusty plasmas have been studied in Refs [2^5] . In particular, in Ref. [4] the problem of a space-charge sheath on a negative surface in a dusty plasma whose constituents are the electrons, positive dust particles, and neutrals was treated for the case a ¼ O 1 ð Þ and the respective Bohm criterion was derived. It was found, in particular, that the latter criterion does not provide a transition in the limiting case a ! 0 to the conventional Bohm criterion in a plasma with positive particles of a constant charge (or with multiply charged ions). The reason was determined in Ref. [5] , in which a solution for the limiting case a ! 0 was found. The limiting case a ! 1 is studied in the present work. It follows from the above that there are many situations of practical interest in which this limiting case is realized. The charging of dust particles in the sheath is quasi-equilibrium in such a case, i.e. the current of the electrons emitted by a dust grain is approximately equal to the current of the plasma electrons collected by the grain.
The manuscript is organized in the following fashion. The model is described in Section 2 and is non-dimensionalized in Section 3. A solution is given in Section 4. Section 5 contains concluding remarks.
The model
We consider the problem of a space-charge sheath on a negative (solid) surface in a dusty plasma whose constituents are the electrons, positive dust particles, and neutrals. The model to be used is the same one as that in [4] except that the charging of the (positive) dust particles is assumed to be quasi-equilibrium. Governing equations are essentially the same as those in the previous works [4, 6, 7] with the equation of the charging of a dust particle being replaced by the condition of charging equilibrium and they read
Here the y-axis is directed from the surface into the plasma, n d is the dust number density, J d is the density of the dust particle £ux to the surface, f is the local plasma potential when compared with the potential at the sheath edge, f and g are dimensionless functions of Z describing the depen-dence of the emission and collection currents, respectively, on the particle charge. Note that these equations represent, respectively, the continuity and momentum equations for the dust particles, the Poisson equation, the Boltzmann distribution for the electron number density, and the condition of equality of the emission and collection currents. T e , the electron temperature is assumed to be constant across the sheath. The functions f and g are de¢ned in such a way that they are equal to unity at Z ¼ Z s .
In the framework of the theory of Ref. [8] , a dependence of the (net) emission current on the dust particle charge appears due to a spherically symmetric potential barrier existing around the (positive) grain (a part of the emitted electrons cannot overcome the attracting electric ¢eld of the dust grain which is positively charged and they return to the surface of the grain). Using the results of Ref. [8] , one can obtain the following expression for the function f z ð Þ:
where z ¼ Z=Z s is the normalized charge number,
Ze=R is the surface potential of the dust grain when compared with the local plasma potential, and T p is the temperature of the material of the dust grains. In [8] , the thermionic mechanism of the electron emission was considered, however one should expect that Eq. (6) applies in all the cases in which the emission mechanism is not a¡ected by the electric ¢eld at the dust grain surface and the energy distribution of the emitted electrons may be characterized by a temperature T p . Note that an expression similar to Eq. (6) can be obtained from formulas for the (net) emission current used in Refs [9, 10] . However this expression would lack the ¢rst factor on the right-hand of Eq. (6), which accounts for the fact that the potential barrier existing around the grain is spherically symmetric (and not planar).
In the framework of the orbital-limited motion approximation in the collisionless electrostatic probe theory (see, e.g., Ref. [1] ), the electron collection current is proportional to 1 þ ej=T e and the function g z ð Þ may be written as
where g ¼ Z s e 2 =RT e ej s =T e . Quantities at the sheath edge will be considered as known parameters. In particular, the dust particle velocity at the sheath edge is given by the Bohm criterion (see Refs. [4, 5] ),
where
The lacking boundary condition is obtained by specifying the potential at the surface, f 0 ð Þ ¼ f w , where f w is a given value.
Transforming the problem
We introduce dimensionless variables: the dimensionless coordinate Z ¼ y=l D , the dimensionless charge particle velocity V ¼ u d =u ds , and the dimensionless local plasma potential F ¼ Àef=T e . The system of Eqs (3)^(5) and the respective boundary conditions may be rewritten as
where F w ¼ Àef w =T e is the dimensionless potential of the surface (a given number) and prime denotes di¡erentiation with respect to Z. The above problem is controlled by dimensionless parameters g, d, and F w . Parameters g and d may vary in a wide range. In particular, there are conditions of practical interest in which these parameters take large values. For example, assuming for Z s , R, and T e the values cited in the Introduction, one ¢nds g % 17; assuming additionally that the dominating mechanism of electronic emission from the surface of the dust grain is thermionic emission and that the temperature of the surface of the dust grain is 2500 K, one ¢nds that d exceeds g by a factor of 4.
We assume that the (solid) surface y ¼ 0 is maintained under a potential equal to or below the £oating potential. The density of the electron current to the surface may be estimated as 1 4 en ew C e , where n ew ¼ n es exp ÀF w ð Þ is the electron number density at the surface. Equating this quantity to the density of the ion current, one ¢nds the £oating potential,
Dropping the factor G þ 1 ð Þ=G under the logarithm (which is of the order unity) and assuming for r, R, and Z s the values cited in the Introduction, one ¢nds F f % 10:2.
Solving the problem
Solving Eq. (11) for F, one can determine a relation between z, the normalized charge number, and F, the normalized local plasma potential:
Using this relation, one ¢nds that the ¢rst equation in Eq. (10) has the ¢rst integral
The integration constant here has been determined from the condition V j z¼1 ¼ 1.
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It is convenient to transform the second equation in Eq. (10) 
is the dimensionless electric ¢eld:
An analytical solution to this equation, subject to the initial condition Ej z¼1 ¼ 0, may be found in quadratures:
Equations (14), (15), and (17) represent an exact analytic solution to the considered problem.
According to the preceding section, there are conditions of practical interest in which the parameter d takes large values. One can recast the above solution into a more transparent form in such situations. The appropriate derivation is given in the rest of this section. The parameter g is considered in the derivation as ¢nite or large; it is assumed for de¢niteness that F O d ð Þ. The logarithmic term on the left-hand side of Eq. (14) may be rewritten as
One can see that this term is of the order of
2 relative to the ¢rst term on the left-hand side and may be dropped. One ¢nds
In a similar way, one can check that the logarithmic terms in the square brackets on the right-hand side of Eq. (15) are of the orders of, respectively, 1=gd and 1=d 2 relative to the second term and may also be dropped. To the accuracy of
, the parameter G may be replaced by d. One ¢nds
The second multiplier under the integral on the right-hand side of Eq. (17) may be replaced, to the accuracy of O can evaluate the integral to obtain
Equations (19)^(21) represent a simpli¢ed solution to the considered problem. It is of interest to note that in the particular case g ¼ d this solution coincides with the (exact) solution given by Eqs (14), (15), and (17).
The exact and simpli¢ed solutions are plotted by solid and broken lines, respectively, in Fig. 1 for g ¼ 17, d ¼ 68 and in Fig. 2 for g ¼ 1, d ¼ 4 . Under the conditions of Fig. 1 , the two solutions are indistinguishable. The di¡erence between the solutions is small even in the case depicted in Fig. 2 .
Concluding discussion
An analytic solution to the problem of a space-charge sheath with equilibrium charging of dust grains in a positive dust-electron plasma is given by Eqs (14), (15), and (17). It should be emphasized that, although the emission current and the electron collection current on the dust particle are nearly equal in the limiting case of equilibrium charging, it does not necessarily mean that the charge of dust grains is nearly constant: a small disparity between the collected and emitted currents may cause in this limiting case a considerable charge variation. Note that the physical sense of Eq. (14) is quite clear: variations of the dust particle charge a¡ect both the emission current and the electron collection current, while variations of the local potential of the plasma cause variations of the local density of the plasma electrons and thus a¡ect the electron collection current. Equation (14) speci¢es what the variation of the potential should be in order to compensate the variation 
# Physica Scripta 2002
Physica Scripta T98
of the charge number in such a way that the (quasi-)equilibrium between the two currents maintain. In the limiting case of large d (the surface potential of the dust grain is much larger than the mean energy of electrons emitted by the grain), Eqs (14), (15), and (17) are reduced to Eqs (19)^(21). It follows from Eq. (19) that the local charge number of dust grains in an outer section of the sheath, where F ¼ O 1 ð Þ, is in this limiting case close to the charge number at the sheath edge. This result is consistent with the fact that the Bohm criterion (8) assumes in the limiting case G ! 1 the form of the conventional Bohm criterion in a plasma with positive particles of a constant charge, which was pointed out in Ref. [4] . Equation (19) may be written in dimensional variables as
This formula relates j, the di¡erence between the surface potential of the dust grain and the local potential of the plasma, to f, the di¡erence between the local potential of the plasma and the plasma potential at the sheath edge. This relation may be considered as an integral of motion of the dust grain and assumes an especially simple form in the case T p ¼ T e : the grain moves in such a way that its surface potential is constant when compared with the plasma potential at the sheath edge. The physical sense of this relation may be understood as follows. A variation of the dust particle charge a¡ects the emission current in two ways: through a variation of the height of the potential barrier existing around the (positive) grain, i.e., through the second multiplier on the right-hand side of Eq. (6), and through the ¢rst multiplier, which accounts for the fact that this potential barrier is spherically symmetric. If d ) 1, the e¡ect produced on the emission current through the variation of the height of the potential barrier exceeds considerably the e¡ect produced through the variation of the ¢rst multiplier, and it also considerably exceeds the e¡ect produced by a variation of the dust particle charge on the collection current. For the (quasi-)equilibrium between the two currents to maintain, the variation of the local plasma potential should compensate, in the ¢rst place, a variation of the height of the potential barrier. The fact that the region under consideration is a space-charge sheath does not play any role in the derivation of Eq. (22). Hence, one can expect that Eq. (22) applies to any motion of dust grains under conditions of charging equilibrium, provided that ej ) T p .
If F w ( d, the variation of the charge number is small not only in the outer section of the sheath, where F ¼ O 1 ð Þ, but in the space-charge sheath on the whole. If, for example, g ¼ 17, d ¼ 68, and F w ¼ 10, the increase of the charge number of dust grains on crossing the sheath does not exceed approximately 15%; cf. Fig. 1 .
The solution (19)^(21) has been obtained by applying ¢rst the limit a ! 1 and after that the limit (d ! 1, F O d ð Þ). A question arises, under which hierarchy between the asymptotic parameters is this solution applicable. The equation of the charging of a dust particle (which replaces, for ¢nite a, the condition of charging equilibrium) reads in dimensionless variables
Introducing the new independent variable x ¼ d z À 1 ð Þ and making use of Eqs (6) and (7), one can transform this equation to
Assuming 
